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GENERALIZATION OF DIFFERENT TYPE INTEGRAL 

INEQUALITIES FOR (s,m) -CONVEX FUNCTIONS VIA 

FRACTIONAL INTEGRALS 
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Abstract. In this paper, a general integral identity for a twice diffcrentiablc 
functions is derived. By using of this identity, the author establish some 
new Hermite-Hadamard type and Simpson type inequalities for differentiable 
(s,m)— convex functions via Riemann Liouvillc fractional integral. 
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Let / : I C K -> If 
/ is called convex if 



1. Introduction 
be a function denned on the interval / of real numbers. Then 

f (tx + [l - t)y) <tf{x) + (1 - t)f(y) 



for all x,y £ I and t G [0, 1]. There are many results associated with convex func- 
tions in the area of inequalities, but one of those is the classical Hermite Hadamard 
inequality: 



(1.1) 



M 2 ) ~ b- 



f(x)dx < 



/(<*) + /(&) 



a,b G / with a < b. The another important and well known inequality is Simpson's 
inequality. This inequality is stated as: 

Let / : [a, b] — > R be a four times continuously differentiable mapping on (a, b) 
and Lp 4 ' = sup /W(a;) < oo. Then the following inequality holds: 



xE(a.b) 



M + m , 2f f" - h 



6- 



f(x)dx 



< 



2880 



f(4) 



(b-af 



In [5], V.G. Mihesan presented the class of (s, m)-convex functions as below: 

Definition 1. T7ie function f : [0, b] — > R, 6 > 0, is said to be (s, m)-convex where 
(s,m) G [0,1] , i/ we have 

f (tx + m(l - t)y) < t s /(z) + m(l ~ t s )f(y) 
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2 IMDAT I§CAN 

for all x,y & [0, b] and t £ [0, 1]. 

Note that for (s,m) 6 {(0,0), (s, 0), (1, 0), (1, m), (1, 1), (s, 1)} one obtains the 
following classes of functions respectively: increasing, s-starshaped, starshaped, 
m-convex, convex, s-convex functions. 

Denote by K^ib) the set of all (s, m)-convex functions on [0, b] for which /(0) < 
0. For recent results and generalizations concerning (s, m)-convex functions see 

[annua ei era]. 

We give some necessary definitions and mathematical preliminaries of fractional 
calculus theory which are used throughout this paper. 

Definition 2. Let f £ L [a, b]. The Riemann-Liouville integrals J"+f and JFLf of 
oder a > with a > are defined by 



j% + m = 



i 



r(o) 



(x — t) a f(t)dt, x > a 



and 



J?-f(x) = 



I» 



(t - a;)" -1 f(t)dt, x < b 



respectively, where T(a) is the Gamma function defined by T(a) — / e t t a 1 dt 

andJ° a+ f(x) = J°_f(x) = f(x). 

In the case of a = 1, the fractional integral reduces to the classical integral. 
Recently, many authors have studied a number of inequalities by used the Riemann 
Liouville fractional integrals, see [9l QUI El [12] and the references cited therein. 

In [8], Sarikaya et.al established some new inequalities of the Simpson and the 
Hermite-Hadamard type for functions whose absolute values of derivatives are con- 



Theorem 1. Let I C K be an open interval, a, b G / with a < b and f : I —>■ M. be 
a twice differentiable mapping on 1° such that f" is integrable and < X < 1. If 
\f"\ q is a convex mapping on [a,b], q> 1, then the following inequalities hold: 



(1.2) 



(1-A)/ 



+ A 



/(a) + f(b) 



1 



(b-a) 



f(x)dx 



< { 



3-8A 



TW 



3-8A 



6 ^ 3.2 6 

\f"(b)\ q + 



(b-a) 2 f Af. 
2 \ 3 

l/»| 9 + 



(1+A)(1-A) J 
6 



"T 24 

(2-A)A 3 
6 



48A-27 



5-16A 



3.26 



\f"W 



q\ 1 



3.2 s 



\f"W 



q\ i 



, for < A < i 



(b- 



# \f"(b)\ q + ^ l/»H " } - for \ < A < 1 



'8A 
v 3 



ON GENERALIZATION OF DIFFERENT TYPE INEQUALITIES 

Let us recall the following special functions: 
(1) The Beta function: 

T(x)T(y) 



H x >y) 



T(x + y) 



t*- 1 {I - t) y ~ X dt, x,y>0, 



(2) The incomplete Beta function: 

a 

««.*.»>-/«~'a-«r'*o<.<i,,,,>ft 

o 

(3) The hypergeometric function: 

l 

2 F X (a, b; c; z) = — -^ — - /V -1 (1 - £) c ~ 6_1 (1 - zt)~ a dt, c> b > 0, |z| < 1 (see [T]). 
p{b,c-b) J 

o 

The main aim of this article is to establish new generalization of Hermite Hadamard- 
type and Simpson-type inequalities for functions whose second derivatives in abso- 
lutely value at certain powers are (s, m) — convex. To begin with, the author will 
derive a general integral identity for twice diffcrentiable mappings. By using this 
integral equality, the author establish some new inequalities of the Simpson-like 
and the Hermite-Hadamard-like type for these functions. 

2. Main Results 

Let /: JCt- >lbea differentiable function on 1° , the interior of I, throughout 
this section we will take 



// (x, A, a; a, mb) 

\(x-a) a + (mb-x) c 



nib — a 



f(x) + X 



(x — a) f(a) + (mb — x) f(mb) 



1 



a + 1 



-A 



(mo — x) — (x — a) 
mb — a 



mb — a 



/'(*) ~ r i? +1) [J2-f(a) + J* + f(mb)} 
mb — a 



where a, b e I and m £ (0, 1] with a < mb, x s [a, mb] , A € [0, 1], a > and T is 
Euler Gamma function. In order to prove our main results we need the following 
identity. 

Lemma 1. Let /:/Cl->Kfca twice differentiable function on 1° such that 
f" G L[a,b], where a,b (= I with a < b. Then for all x £ [a,mb] ,m 6 (0,1], 
A £ [0, 11 and a > we have: 



(2.1)7/ (x, A, a; a, mb) 



(x — a) 



Q + 2 



(a + 1) (mb — a) 



t ((a + 1) A - t a ) /" (to + (1 - t) a) dt 



(mb — x) 



a + 2 



(a + 1) (mb — a) 



t((a + l)X- t a ) f" (tx + m(l-t)b) dt. 



A simple proof of the equality can be done by performing an integration by parts 
in the integrals from the right side and changing the variable. The details are left 
to the interested reader. 
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Theorem 2. Let f : I C [0,oo) — > R 6e iwice differentiable function on 1° such 
that f" G L[a, 6], where a, 6 G 1° iwtft a < b. If |/"| ? is (s,m)~convex on [a,b] 
for some fixed s G [0, 1] , m G (0, 1] and q > 1, t/ien /or a; G [a, m&], A G [0, 1] and 
a > t/ie following inequality for fractional integrals holds 



(2.2) 



|// (x, A, a; a,mb)\ 



i- 1 , , * (x — a) 



a+2 



(a + 1) (mfo — a) 



(|/" (x)| ? ^ 2 (a, A, s) + m |/" (£) |% 8 (a, A, *) 



(jnb — x) 



a+2 



(a + 1) (m6 — a) 



(|/"(x)|V 2 (a,A, S )+m|/"(6)|V 3 («,A, S ))n, 



where 

<Pi(a,\) = 

ip 2 (a, A, s) = 

9? 3 (a, A, s) = 



»+2 

(a + l)A ] 



a[(a+l)A] a (a+l)A 1 Q < \ < 1 

a+2 2 1" a+2' u — ^ — a+1 



2 a+2' 

i + s + 2 



4r < A< 1 



2a[(a+l)A] a (a+l)A 1 n < \ < * 

(s+2) (a+s+2) s+2 """ a+s+2 ' u — A — a + 1 



(a+l)A 1_ 

s+2 a + s+2 ' 



a+1 — 



t[(a + l)A]~5~ _ 2a[(a+l)A] a _ s(g+l)A g 

(a+2) (s+2)(a+s+2) 2(s+2) + (a+2)(a+s+2) ' 

s(a+l)A a i < A < 1 



-, 0< A< -^ 

I ' — — a+1 



2(s+2) (a+2)(a+s+2) ' 



a + 1 



Proof. From Lemma [TJ using the property of the modulus and the power-mean 
inequality we have 



(x — a) 



a+2 



\I f (x,\,a,a,mb)\< - " yu ' , r / t \(a + 1) A - t a \ \f" (tx + (1 - t) a 

(a + 1) (too — a) J 



\dt 



+ 



(mb — x) 



a+2 



(a + 1) (mb — a) 



< 



(x — a) 



a+2 



(a + 1) (mb — a) 



1 1 (a + 1) A - t a \ |/" (tx + m(l-t)b)\dt 



t\(a + l)\-t a \dt 



x [ / t\(a + \)\-t a \\f" (tx + (l-t)a)\ q dt 
t\t(a + l)\-t a \dt 



a+2 



(mb — x) 
(a + 1) (mb — a) 



o 



(2.3) I / i|(a + l)A-i Q ||/"(ix + (l-i)m&)|' i di 
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Since \f'\ q is (s, m) —convex on [a, b] we get 
1 1 

t\(a + l)X-t a \\f"(tx + (l-t)a)\ q dt < ft\(a + l)X-t a \(t s \f"(x)\ q + m(l-t s ) f" (—) ? ) dt 

o 
(2.4) = I/" (x)\ q tp 2 (a, X, S )+m f" (-) " ^ (a, A, s) , 



1 1 (a + 1) A - t a \ |/" (tx + m{l-t)b)\ q dt < t\{a+l)X-t a \(t s \f" (x)\ q + m(l - t s ) \f" (b)\ q ) dt 



(2.5) 
where we use the fact that 
tp 3 (a,\,s) 

t\(a + l)X-t a \(l-t s )dt 



\f"(x)\ q ip 2 (a,X,s) + m\f"(b)\ q v 3 (a,\,s), 



[(a+l)A]a [(a+l)A]« 

(a + l)A I t(l-t s )dt- J t a+1 (l-t s )dt 

° n < x < ! 

l l ' u ^ A ^ s+T 

-(a + l)A / t(l-t s )dt+ / t a+1 (l-t s )dt 



[(a+l)A]7 
1 



[(a+l)A]7 



(a + 1) A / t (1 - t s ) dt - / t a+1 (1 - t s ) dt, 





a+l — 



a[(a + l)A]^5~ _ 2a[(a+l)A]^~~^ 



(a+2) 



s(a+l)A 



(s+2)(a+s+2) 2(s+2) ' (a+2)(a+s+2) 

s(a + l)A 



2(s+2) (a+2)(a+s+2) ' 



, 0< A< -+ 

+T < A < 1 

a + l — 



and 



ip 2 (a,X,s) 

i 

t\(a + l)X-t a \t s dt 
o 



2a[((t+l)A]' 



(s+2)(a+s+2) 

(a + l)A 



s+2 a+s+2 ' — — a+l 



s+2 a+s+2 ■ 



-+r < A< 1 



Pi (a,A,s) 



t\(a + l)X-t a \dt 



(2.6) 



a[(a+l)A] 1+ - (a+l)A 1 n < X < I 

a+2 2 "i" a+2' u — ^ — a+l 

(« + l)A 1_ _J_ ^ \ < 1 

2 a+2' a+l ^ ^ — x 



IMDAT I§CAN 



Hence, If we use (|23|) . (|23|) and fj276|) in (|2T3|) . we obtain the desired result. This 
completes the proof. □ 



Corollary 1. In Theorem^ 

(a) If we choose q = 1, then we get: 



{ (x-a) a+1 ( 
\If(x,X,a;a,mb)\ < I (J/" (x)\ ip 2 (a, A, s) + m 



m 



V? 3 (a,A,s) 



(m6 — rr. 



,a+l 



ib — a 



i\f" (x)\ ¥>2 ("> A, s) + m |/" (6)| v? 3 (a, A, s)) 



f&J // we choose x = a+ '" b , t/ien we ge£: 



^T J / 



a + mb 



, A, a; a, mb 



(mb — a) 



■^aj-Zta) + Jf-yy/M) 



(m& — a) l-i . 



r 



a + m& 



ip 2 (a, A, s) + m f" ( — ) <p 3 (a, A, s) 
Vm/ 



+( 



a + mb 



y> 2 (a, A, s) + m |/ (6)| <^ 3 (a,A,s) 



(c^ // we choose x — a+ „ and A = i , i/ien we gei: 



(m& — a) 
1 



^T J / 



a + rn& 1 



(i 



/(a) + 4/ 



2 ' 3 

a + mb 



, 7", a; a,m6 



/(m&) 



r(a + l)2 



Q-l 



(m& — a) 



J^yf(a) + J^ )+ f(mb) 



< 



(mb — a) l-i / 1 



8(a + l)"«' 1 r»3 



a + m6 



¥>2 1 a ' o' S ) + TO 



r (-) 

\mJ 



<P3 \a,-,s 



a + mb 



¥2 «. o' s + m l/"( & )l ¥>3 ". 
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(d) If we choose x — a+ ™ b ; A = 4, and a = 1, iften we get: 



a + mb 1 



'f 



f(a) + 4/ 



a + mfr 



< 



162 



f(mb) 

a + m& 



(mb — a) 



f(x)dx 



¥2 ( !>3>s ) + TO 



./'" 



V=3 



X '3' S 



+ 



/'■ 



,/ f a + mb 



q / 1 \ /I 



^ 2 (l,-, S j+m|.r(fe)|V 3 M,-, S 



where 



1 \ _ 2 s+4 -23*+ 2 + 3 s+3 (s + 2) 
^ 2 I ' 3 ' 7 ~ 3 s + 3 (s + 2)(s + 3) : 



/ 1 \ -2 S+4 - s3 s+2 (s + 3) + 3 s+3 (s + 2) + 83 s " 1 (a + 2)(s + 3) 
*H 3' 7 " 3 s +3( S + 2)( s + 3) • 

(7 // we choose x = a+ ™ and A = 0, f/ien we gei: 



2 Q_1 fa + mb 

— // — - — ,0i a ; a ) r7i o 



(m& — a)" V ^ 

fa + mb\ r(a + l)2 Q ~ 1 



2 J (mb — a) 

2 



r^y.f(a) + J^ ) + f(b) 



< 



(mb — a) 



a + 2 



■ (a + 1) (a + 2) Va + s + 2 



a + mb 



I ^ \ m / I 



(a + 2) 



+ 



./'" 



„ f a + mb 



II (u\\i 



«m I/" (b) | 
(a + 2) 



(f) If we choose x = a+m ° , A = 0, and a = 1, i/ien we <?e£: 



a + mfe 
2 

a + mfo 



, 0, 1; a,mb 

1 



(mfc — a) 



f(x)dx 



< 



(mb — a) ( 1 



s + 3 



/" 



„ / a + m& 



r (-) 

\m/ 



a + m& 



" mi? 



m\f"(b)\ 
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(g) If we choose x = a+ ™ b and A = 1, then we get: 



T^T 7 / 



a + rrcfe 



, 1, a; a,mfr 



< 



(mb — a) a V ^ 

/(a) + /(m6) r(a + l)2°- 1 
2 (to& — a) 

(m6 — a) /a(a + 3) x 



^ + ,„ fc) -/(Q) + J" a+rb)+ f(mb) 



l(a + l) \2(a + 2) 

a (a + s + 3) 1/ 



// ( a+mb \ 1 1 
2 / 



(s + 2) (a + s + 2) 

a(a + s + 3)\f"(^)\ q 
(s + 2)(a + s + 2) 



m 



i ( s(a + 1) 



2(s + 2) (a + 2)(a + s + 2) 



m \J"{b)\^ s{a+l) 



2(s + 2) (a + 2)(a + .s + 2) 



(TiJ // we choose x = a+ " , A = 1 and a = 1, i/ien we gei: 



If [ — - — , 1, 1; a,mb 



/(a) + /(m&) 



(mb — a) 



f{x)dx 



< 



(mb — a) /2 X 
16 



(g + 4)|/"(g^)| 9 

(s + 2) (s + 3) 

(s + 2) (s + 3) 



m 



/" (-) 

\m/ 



i 3s 2 + 8s -2 
3(s + 2)(s + 3) 



„ g 3s 2 + 8s -2 
W|/ (6)l 3(s + 2)(s + 3) 



Remark 1. In (b) of Corollary^ if we choose a = m = s = 1, then the inequality 
Jff. 7[ ) reduces to the following inequality which is better than the inequality il.2\) 

'a + b\ . , ff(a) + f(b)\ 1 



(1-A)/ 



+ A 



(b-a) 



f(x)da 



< 






^ 2 (l,A,l) + |/"(a)|V 3 (l,A,l) 



a + 6 



^ 2 (1,A,1) + |/"(6)|V 3 (1,A,1) 



where 



Vi(l.A) = 



(¥ + ^), 0<A<I 



3A-1 



i < A< 1 
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Pa(l,A,l) = 



16 £ 



3-8A 



8A-3 
12 ' 



0< A< I 
i< A<1 



%(1,A,1) 



-8A*+8A3-A ^ _L. ; 0<A<± 

i < A< 1 



4A-1 



I.' 



Theorem 3. Lei / : / C [0, 00) — > K be twice differentiable function on 1° such 
that f" G L[a, b], where a,b £ 1° with a < b. If \f"\ q is (s,m) — convex on [a,b] 
for some fixed s G [0, 1] , to G (0, 1] and q > 1, i/ien /or cc G [a, m&], A G [0, 1] and 
a > £/ie following inequality for fractional integrals holds 



(2.8) 



1 7/ (x, A, a; a. mb)\ 



< Vl (a,A,p) 



(.*-a) a+2 /|/"(x)| 9 + S m|/"(^) 



9\ 9 



(a + 1) (mb — a) 



8+1 



Na+2 



{mb - xf^ ( I/" (x)\ q + sm |/" (b)\ q Y 



(a + 1) (mb — a) 



s + 1 



where p = — ^t and 
y> 4 (a,A,p) 



p(a+l)+l' 

l+(a + l)p 

+ [1 ' ( : ( aT +1 ^ - ^, 1;? + 2; 1 - (a + 1) A) 

p(o + l) + l 

5 P ^(a + l)A' ~^~> i+ P) ' 



A = 



. °< A <STT 



^<A<1 



Proof. From Lemma [IJ property of the modulus and using the Holder inequality 

we have 



\I f (x,X,a,a,b)\ < 



(x — a) 



a+2 



(a + 1) (too — a) 



1 1 (a + 1) A - t a \ |/" (to + (1 - 1) a)\dt 



{mb — X) 



a+2 



< 



(a + 1) (too — a) 

/ NQ + 2 

(x — a) 

(a + 1) (mfe — a) 



1 1 (a + 1) A - t Q | |/" (to + m (1 - 1) o)| dt 



£ p |(a + l)A-£Tdi] x I f \f" (tx + (1 - t) a)\ q dt 



^ fit 1) (too - a) 1 J tP ' ( " + 1} A ~ ^ |P * 1 * I) l/"(** + m(l-t)&)|«dt 



6- a) 



10 
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Since \f'\ q is (s, m) —convex on [a, b] we get 



\f"{tx+{l-t)a)\ q dt < f (t s \f"{x)\ q + m{l^t s )\f"{^-)\ q ) 



dt 



(2.10) 



\f"(x)\« + m S \f»(±)\ q 

8 + 1 

1 1 

f"(tx + m(l-t)b)\ q dt < f (t s \f"(x)\ q + m{l-t s )\f"(b)\ q )dt 



" (K\\1 



(2.11) 
and 

(2.12) 



\f»(x)\ q + ms \f" (b) 

8 + 1 



t p \{a + l)\-t a \ p dt 



1 



^dt 



A = 



[(a+l)A]< 



tP [(a + 1) A - t a ] p dt + / t p [t a - (a + 1) \} p dt, 0<A< IJ i T 

[(o+l)A]i 

«P[(a+l)A-t a ] p dt, ^x<A<l 

A = 



p(a+l) + l' 

l+(c + l)p 

f(a+1)A l - /9(^,l+p) 

+ [i -ar -2fi(i-^,i;p+2=i-(«+DA) 



j( P +i) 

[(»+l)A] J 



^((^A^-l+P 



0< A< -^- 

— a+1 



-^- < A< 1 



Hence, If we use ([2~T0]) . (|2"TTT|) and (J2TT21 in (|23)> . we obtain the desired result. 
This completes the proof. □ 

Corollary 2. Ira I7ieorem[3] 

(a) If we choose x — 2 , i/iera we gei: 



(I \'/-( a + TO& ^ | } /f( a ) + f( mb )\ r(a + l)2«- : 



< (^X (a, A, p) 



2 ) \ 2 y (mb — a) 

(mb-af \(\f»(^)\ q + sm \f"(±)\ q \" 



Jfe^-fja) + J[ r]+ /W 



-(a + 1) 



s + 1 



|/"(«d£*)|« + «m|/"(&) 



" /Ml 9 \ 9 



s + 1 
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(b) If we choose x = a+ ™ h , A = ^,then we get: 



11 



/(a) + 4/ 



mb 



f(mb) 



(mb — a) a 



ja 
J {a _ ±f±] 



/(a) + J ( a a+r „ yfjmb) 



, 1 \ (mb-af \( \f"(^)\ q + s m \r^)\ 

Va [a '3 ,P J 8(a + l) | I .s + 1 



/"(£H^)| 9 + sm |/"(6) 



9 \ i 



(c) If we choose x — a + m ° , A = i, and a — l,then we get: 



/(a) +4/ 



a + mfr 



f(mb) 



f(x)dx 



<- ^^H 1 -*' 



(7726 — a) 

a 

ir(^)r+H/"(^)r 

s + l 



s + l J 



w/ie 



^•I^Wi) 



l+2p 



/3(l+p,l+p)+(- 



1+p 



..F,. (_p,l;p+2;- 



(^ If we choose x — a +™ b and A = 0,then we get. 

'a + mb\ r(a + l)2 a - 1 



< 



/ 



(mb — aY 



(mb-a) [ (^2—) {^2— ) 

i A* 17 |f (^)r + sm|/"(^)| 9 \ 



16 Vp( Q! + 1 ) + 1 . 
|/"( 2d ^)|' ? + sm|/"(6)| 9 y 



s + l 



s + l 



(ej // we choose x 



a+mb 



and A = \,then we get: 



/(a) + /(ro&) r (a + 1) 2° 



j ( V„ t /(«) + j; 



< 



(m& — a) i 



'jT ( !i± r k )\ q + sm\f'(b)\ q 



(mb — a) 

\f"{ s± T k )\ q + sm\f"{^)\ q 



ta + rntj+fjmb) 



S + l 
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where 



p(g+l) + l 

i 1 a (1 + a) = . / 1 1+p , 

ip 4 {a,l,p) = p — — ; ,1+P 

a y 1 + a a 

(g) If we choose x = a +™ b ) A = 1 and a = l,then we get: 



/(a) + /(m&) 1 



mb 



(mb — a) 



f{x)dx 



(mb — aY ( „ / 1 




/"(<M)|« + Sm |/" (6)| 9 V 

in J 



s + l 



where 



2 P [-;l+p,l+p) =p(l+p,l+p). 



[1 
[2. 

[•-i. 

[5. 
[6. 

[7. 

p: 

[9 

[io; 

in 

[12: 
[is; 
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